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Abstrat
An extended notion of quasi-exatly solvable potential model is used
here to treat quasi exatly solvable (QES) Bose systems. We report an
analyti expression for the Ahoronov Anandan non-adiabati geometri
phase for the QES Bose system in general. The generalized expression
is then used to study some partiular ases of physial interest and we
observe that the geometri phase an be tuned.
1 Introdution:
Phase is responsible for all the interferene phenomenon we observe in lassial
and quantum physis. So people have studied the properties of the quantum
phase from dierent ontexts sine the beginning of quantum mehanis[1℄. But
the interest inreased onsiderably in the reent past when Berry published
his famous paper [2℄. He showed that the phase aquired by the quantum
system during a yli evolution under the ation of an adiabatially varying
Hamiltonian is a sum of two parts. The rst part is dynamial in nature and
the seond is geometri. Later on Ahoronov and Anandan generalized the idea
of the Berry phase and they dened a geometri phase fator for any yli
evolution of quantum system [3℄. The existene of geometri phase is found in
many areas of physis. The examples are from the quantum Hall eet to the
Jahn-Teller eet and from the spin orbit interation to quantum omputation
[1,4,5℄.
Physiists have always tried to understand Nature in terms of simple models
and the simple harmoni osillator (SHO) is probably the most important one
among those models. The SHO model an be used to understand a wide vari-
ety of physial phenomena ranging from problems in Newtonian mehanis to
those in quantum eld theory. However, for a real physial problem one has to
inorporate anharmoniity in the model Hamiltonian. For example, it is related
to quantum Bose models with interation or self-interation. The Shrodinger
equation for these anharmoni Bose osillators are not exatly solvable. How-
ever, Dolya and Zaslavaskii [6℄ have reently shown that the notion of the quasi
exatly solvable (QES) models an be extended for anharmoni Bose osillators.
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They have reported that a lass of Hamiltonian, often faed by us in moleu-
lar physis, theory of magnetism and other brunhes of physis is QES. This
fat provoked us to study the possibilities of observing non-adiabati geometri
phase or Ahoronov-Anandan phase for the quasi exatly solvable Bose systems.
In the present paper we have found an analyti expression in losed form for
the Ahoronov-Anandan phase for the QES bose systems haraterized by the
Hamiltonian dened by Dolya and Zaslavaskii [6℄. The generalized expression
is then used to study a partiular ase of physial interest.
In setion 2 we give a short introdution to the Ahoronov-Anandan phase[3,7℄.
We obtain a generalized expression for geometri phase of QES Bose systems
in setion 3 and use that expression to study some partiular ases of physial
interest in the subsequent subsetion. We devote setion 4 for disussions and
onlusions.
2 Ahoronov-Anandan Phase
In a quantum mehanial desription of any system, one has a omplex Hilbert
spae H whose nonzero vetors represent states of the system. A vetor |ψ >
in H and any omplex multiple of it (i.e c|ψ >) represent the same state in
the Hilbert spae H. This arbitrariness in the representation of states an be
redued by imposing the normalization ondition
< ψ|ψ >= 1. (1)
There still remains an arbitrariness of a phase fator beause a normalized vetor
|ψ > and the vetors α|ψ > represent the same state in Hilbert spae provided
that the modulus of α is unity (i.e |α| = 1). The olletion of all vetors α|ψ >
with |ψ >, a xed normalized vetor and α taking all possible omplex values of
modulus one is alled a unit ray and is denoted by |ψ˜ >[8℄. More general rays
onsist of a olletion of all vetors of the form c|ψ >. So rays represent vetors
without any arbitrariness of phase.
To understand the geometri phase let us start from a simple situation in
whih a state vetor |ψ > evolves ylially in the Hilbert spae H and after a
omplete period T returns to the same state vetor with a dierent phase whih
may be written as α|ψ >= exp(iφ)|ψ >. Therefore,
|ψ(T ) >= exp (iφ) |ψ(0) >, (2)
where φ is the total phase whih has two parts. The rst part is the dynamial
phase and the seond is the geometri phase. We are interested in the later type
of phase whih an be found out by subtrating the dynamial phase part from
the total phase.
The yli evolution of the state vetor may be desribed by a urve C in H
beause |ψ > and α|ψ > are two dierent points in H. Sine there are innitely
many possible values of α so there are innitely many urves C in H whih
desribes the same yli evolution. In the projetive Hilbert spae of rays P
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or in the ray-representative spae all these points are represented by the same
ray (i.e by the same point). So we will have a single losed urve Ĉ in the ray
representation spae P orresponding to the innitely many possible urves in
the usual Hilbert spae. As there is no arbitrariness of phase in P so in the
interval [0, T ] we must have
|ψ˜(T ) >= |ψ˜(0) > . (3)
Ahoronov and Anandan[3℄ exploited this property of single valuedness of the unit
ray in the ray representative spae P to establish the presene of a geometri
phase for all yli evolutions. They started by supposing that the normalized
state |ψ(t) >∈H evolves aording to the Shro¨dinger equation
H(t)|ψ(t) >= ih¯
(
d
dt
|ψ(t) >
)
. (4)
We an always dene a state vetor |ψ˜(t) > in P whih is equivalent to |ψ(t) >
as
|ψ˜(t) >= exp(−if(t))|ψ(t) > . (5)
Now substituting (2 and 5) in (3) we obtain
f(T )− f(0) = φ. (6)
If we assume that the total wave funtion rotates by 2π radian for this T
whih results in a yli motion of every state vetor of the Hilbert spae H,
then we will have another ondition
f(T )− f(0) = 2π. (7)
Mere satisfation of ondition (7) will ensure the single valuedness of the wave
funtion in the usual Hilbert spae H. Again from (4 and 5) we have
H |ψ(t) >= ih¯
(
d
dt
exp(if(t))|ψ˜(t) >
)
(8)
or,
H |ψ(t) >= −h¯
df
dt
exp(if(t))|ψ˜(t) > +ih¯ exp(if(t))
d
dt
|ψ˜(t) > (9)
Sine ψ(t) is normalized so we have
−
df
dt
=
1
h¯
< ψ(t)|H |ψ(t) > − < ψ˜(t)|i
d
dt
|ψ˜(t) > . (10)
Now integrating equation (10) from 0 to T and using (6) we have
φ = −
1
h¯
∫ T
0
< ψ(t)|H |ψ(t) > dt+
∫ T
0
< ψ˜(t)|i
d
dt
|ψ˜(t) > dt = γ + β (11)
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where
γ = −
1
h¯
∫ T
0
< ψ(t)|H |ψ(t) > dt (12)
is proportional to the time integral of the expetation value of the Hamiltonian.
It is dynamial in origin and hene alled dynamial phase. Now if we subtrat
the dynamial phase part γ from the total phase φ then we will get the geometri
phase or the Ahoronov Anandan phase
β =
∫ T
0
< ψ˜(t)|i
d
dt
|ψ˜(t) > dt. (13)
It is lear that the same |ψ˜(t) > an be hosen for innitely many possible urves
C by appropriate hoie of f(t). This phase is geometrial in the sense that it
does not depend on the Hamiltonian responsible for the evolution. Moreover
it is independent of the parameterization and redenition of phase of |ψ(t) >.
Hene, β depends only on the evolution of the shadow of |ψ(t) > in projetive
Hilbert spae P and is a pure geometrial entity [3-7℄.
3 Quasi exatly solvable anharmoni osillator:
In the introdution we have stated that the QES anharmoni Bose osillators are
very ommon in Nature. Therefore, a generalized treatment for the geometri
phase of the QES anharmoni Bose osillator may nd its appliation in dierent
diretions of physis. Keeping these fats in mind, we will study the possibilities
of observing Ahoronov-Anandan phase for an QES anharmoni Bose osillator
potential in general.
The Hamiltonian of a generalized QES anharmoni Bose osillator dened
by Dolya and Zaslavaskii [6℄ is
H = H0 + V
=
∑p0
p=1 ǫp(a
†a)p +
∑s0
s=0 As
[
(a†a)sa2 + a†
2
(a†a)s
]
(14)
where a and a† are the usual annihilation and reation operators respetively.
Here we have hosen to work in units in whih m = 1, ω = 1, h¯ = 1. Details of
the quasi exatly solvability riterion will be available in the work of Dolya and
Zaslavaskii [6℄. Now the total eigen state of the unperturbed Hamiltonian H0
an be written as
|ψ(0) >=
∑
n
Cn|n > (15)
where the oeients Cn's depend on the initial onditions. The total wave
funtion of the Hamiltonian H satisfying the Shro¨dinger equation (4) is
|ψ(t) > =
∑
n Cn exp (−iHt) |n >
=
∑
n Cn exp
(∑p0
p=1−iǫp(a
†a)pt+
∑s0
s=0−iAs
[
(a†a)sa2 + a†
2
(a†a)s
]
t
)
|n > .
(16)
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For the alulation of the geometri phase, we have to hose the single-valued
state |ψ˜(t) >. This an be easily done by hoosing a f(t) whih simultaneously
satises equation (3 and 7). The simplest hoie is f(t) = λt, where λ =∑s0
s=0 As . Now with that hoie we have
|ψ˜(t) > = exp(−if(t))|ψ(t) >
=
∑
n Cn exp
(∑p0
p=1−iǫp(a
†a)pt+
∑s0
s=0−iAs
(
1 +
[
(a†a)sa2 + a†
2
(a†a)s
])
t
)
|n >
(17)
and
f(T ) = λT = 2π (18)
Therefore, from equations (13 ,17 and 18) a ompat expression for the Ahoronov
Anandan phase of a QES Bose anharmoni system an be obtained as
β =
∫ T
0
< ψ˜(t)|i d
dt
|ψ˜(t) > dt
=
∫ T
0
∑
k
∑
n < k|C
∗
kCn exp
(∑p0
p=1 iǫp(a
†a)pt+
∑s0
s=0 iAs
(
1 +
[
(a†a)sa2 + a†
2
(a†a)s
])
t
)
×
(∑p0
p=1 ǫp(a
†a)p +
∑s0
s=0 As
(
1 +
[
(a†a)sa2 + a†
2
(a†a)s
])
t
)
× exp
(∑p0
p=1−iǫp(a
†a)pt+
∑s0
s=0−iAs
(
1 +
[
(a†a)sa2 + a†
2
(a†a)s
])
t
)
|n > dt
=
∫ T
0
∑
k
∑
n < k|C
∗
kCn
(∑p0
p=1 ǫp(a
†a)p +
∑s0
s=0 As
(
1 +
[
(a†a)sa2 + a†
2
(a†a)s
]))
|n > dt
= 2π + T
∑
n |Cn|
2
∑p0
p=1 ǫp(n)
p + T
∑
n C
∗
n−2Cn
∑s0
s=0As(n− 2)
s
√
n(n− 1)
+ T
∑
n C
∗
n+2Cn
∑s0
s=0 As(n)
s
√
(n+ 1)(n+ 2).
(19)
The quantum nature of the geometri phase is manifested here through the
disrete sum appearing in the expression (19) and the state dependene of the
phase appears through the oeients C∗kCn. Now let us think of some speial
situations of physial interest.
3.1 Input is an intense laser beam.
Let us now onsider the ase where an intense eletromagneti eld having Pois-
sonian statistis (Cn = exp(−
|α|2
2
) α
n√
n!
) interats with a system haraterized by
the Hamiltonian (14). With the help of equations (19) the geometri phase β
for this physial system an be written as
β = 2π + T
∑
n |Cn|
2
∑p0
p=1 ǫp(n)
p + T
∑
n C
∗
n−2Cn
∑s0
s=0As(n− 2)
s
√
n(n− 1)
+ T
∑
n C
∗
n+2Cn
∑s0
s=0 As(n)
s
√
(n+ 1)(n+ 2)
= 2π + T exp
(
−|α|2
)∑
n
|α|2n
n!
(∑p0
p=1 ǫp(n)
p +
∑s0
s=0 2|α|
2As(n)
s cos(2θ)
)
.
5
Photon Statistis |Cn|
2
Sub-Poissonian
N!
(N−n)!n!
pn(1− p)N−n (0 ≤ p ≤ 1)
Poissonian exp(−|α|2) α
n√
n!
Super-Poissonian
(n+W−1)!
(W−1)!n!
qn(1− q)W (0 ≤ q ≤ 1)
table1
where α = |α| exp(iθ). Here we observe that the geometri phase depends on
the phase of the initial laser beam. The presene of the o-diagonal terms in
the interation Hamiltonian is manifested through the presene of θ dependent
terms in the expression for the geometri phase β.
4 Disussions and Conlusions:
In the present work we have seen that the geometri phase appears in QES
Bose systems and depends on the photon statistis of the input eld through
Cn's (see table 1). We have also observed that the presene of the o-diagonal
terms in the interation Hamiltonian is manifested through the presene of θ
dependent terms in the expression for the geometri phase β. From these fats
we an onlude two things, rstly, one should always have to take are of
the possibilities of appearane of geometri phase while working with QES Bose
systems and, seondly, geometri phase an be tuned beause it depends strongly
on the phase of the input eld whih an be tuned.
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